ON DISPERSIONLESS COUPLED MODIFIED KP 
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Abstract. We define and study dispersionless coupled modified KP hi- 
erarchy, which incorporates two different versions of dispersionless mod- 
ified KP hierarchies. 



1. Introduction 

Recently, the dispersionless limit of integrable hierarchies is under ac- 
tive research (see, e.g. |Kri921 lKn94l ITT921 ITWH ITT93I lTT95l| V There 
are various problems associated with dispersionless KP (dKP) and disper- 
sionless Toda (dToda) hierarchies, such as topological field theory and its 
connection to string theory, 2D-gravity, matrix models and conformal maps 
(see, e.g. ITak9fil t)ub92a, Dub92Bl IBX95al IBX95hl IBonn21 IWZnni 

iKKMW+nil iBMR+nil IZabnii .MWZn2) ). In contrast, dispersionless modi- 
fied KP (dmKP) hierarchy is less under spot light. We found at least two 
different versions of dmKP hierarchies, one is considered by Kupershmidt 
in |Kup90 and later by Chang and Tu in [CTOOj . the other is defined by 



Takebe in |Tak02j . It is well known that a solution of dToda hierarchy will 
give a solution of dKP hierarchy ( |TT95j ) . In |CT00j , Chang and Tu proved 
that under a Miura map, a solution of dKP hierarchy will give rise to a 
solution to their dmKP hierarchy. In fact, this process can be reversed and 
we can view the dmKP hierarchy as a transition between a dToda to a dKP 
hierarchy. One of the problem that is still left open is the existence of tau 
function for the dmKP hierarchy. In order that a satisfactory tau function 
exists, we find that it is necessary to introduce an extra flow to the dmKP 
hierarchy considered by Kupershmidt, Chang and Tu. This is exactly what 
Takebe did. Takebe's version of dmKP hierarchy is the dKP hierarchy with 
an extra flow. Hence we incorporate the two versions of dmKP hierarchy. 
We consider a dmKP hierarchy in Chang and Tu's version, with an extra 
time parameter, and call it the dispersionless coupled modified KP hierar- 
chy (dcmKP). We develop the theory along the lines of Takasaki and Takebe 
[TT^j and Takebe |Ta,kn2j . 

The basic object in our dcmKP hierarchy is a formal power series C and 
a polynomial V in variable k with coefficients functions of time variables 
t = {x, s,ti,t2, . . .)■ We define the hierarchy in terms of Lax equations. 
We introduce the dressing function in Section 2. By means of the dressing 
function, we define the Orlov function A4, which form a canonical pair with 
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£, namely {C,M.} = 1. We define the S function as a primitive of a closed 
one form. The tau function is defined so that it generates the coefficients of 
M. 

In Section 3, we prove that a solution of the dToda hierarchy give a 
solution to our dcmKP hierarchy with V = k. In Section 4, we discuss the 
Miura map which transform a solution of our dcmKP hierarchy to a solution 
of Takebe's dmKP hierarchy (dKP hierarchy with an extra parameter s). 
We find our Miura map the inverse of the one considered by Chang and Tu 
|CTfln) when s is considered parameter. 

In Section 5, we consider the twistor construction of solutions to our 
dcmKP hierarchy. We also show that every solution of our dcmKP hierarchy 
has an associated twistor data. In Section 6, we consider the ifi+oo sym- 
metry generated by the action of a Hamiltonian vector field to the twistor 
data. 



2. DiSPERSIONLESS MODIFIED KP HIERARCHY 

2.1. Lax formalism. We define dispersionless coupled modified KP hier- 
archy (dcmKP) by incorporating the definitions of dispersionless modified 
KP hierarchy (dmKP) of |Kup90| RTTOlj and |Ta,kn2j . The fundamental 
quantity 

oo 
n=0 

is a formal power series in k with coefficients Un+i{t) depend on infinitely 
many continuous variables t = (x, s, ii, t2, . . . , ). We also introduce an aux- 
iliary monic polynomial of degree 

V = k'' +pN-l{t)k'' '' + ... +pQ{t). 

The differential equations that govern the deformation of C with respect to 
s, ti,t2, . . . , are 



(2.1) :^={B^^c}, Bn = {n>o, 



dC 

dtn 

dC 

ds 

diogv _ a(/:")>o 

dtn ds 



{logP.B,.}, 



"^where {A)s = (Yli Aik^)s = Ylies specifies the part of the power series 
A to extract, and {•, •} is the Poisson bracket 

{/ gj = _ 

' dk dx dk dx 



1 We understand that log V is formerly log fc^ + ^ + ff + 
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As usual, the ti flow says that 

dC_d£ 
dti dx ' 

In other words, the dependence on ti and x appear in the combination ti+x. 
When there are no dependence on s, the first equation in H2.1|) is the dmKP 
hierarchy defined by |Kup90t ICTOOj . We introduce an extra parameter s 
and the second equation in H2.1|) determines the dependence of £ on s via 
the auxiliary polynomial V. The last equation determines the tn-flow of V. 
By standard argument, we have the following zero curvature equation 

and its dual form 

(2.2) - - {{C-)<o, {n<o} = 0. 

This gives us the consistency between the t„ flows oi C. To prove the 
consistency between the i„ and s flows of C, we first establish the following. 

Proposition 2.1. There exist a function (p{t) such that 

(2.3) ^ = (£»),. 

Proof. We have to check that we can consistently solve for (p. Using the dual 
form of the zero curvature equation (|2.2|) , we have 

However, the last term contains powers < — 1 of fc. Hence (|2.3|) is established. 
(j) is not unique since we do not specify its dependence on s. □ 

Now we check that the s and t„ flows of C are consistent. We have 

BB r91off'P 
={^,/:} + {Bn,{logV,C}} - {^^"C} - {logV,{Bn,C}} 

dBn dlogV ^ n \ r\ 

Now from the third equation in (|2.H) . we have 

{logV, Bn} - 



ds dtn ds 
This is independent of k. On the other hand hand, from the second equation 
in 1)2. 1(1 . since the right hand side contains powers < — 1 of /c, we have 

ds 
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Together with ^° = ^^^^ ^° (from the proof of Proposition 12. ip , we have 

djC^o _ g(£i)o _ 
dxds dtnds 

Hence is independent of x, and the s and t„ flows of C are consistent. 

For the consistency of the tn flows of V, we use the zero curvature condi- 
tion, the equation ^° = ^'-g^ ^° ( from the proof of Proposition [2^ , and 

the fact is independent of k and x, 



dtm \ ds ' y dtn \ ds 



{\ogVM - ^ - {logP,^™} 



+ -{logT^, TT^ 7r—\ 



ds V dtm dtn dtm dtn J dtm dtn 

- {^^^^ - {log Bn} + {^^^J^ - {log ^> ^n}, S„} 

+ {^„,-Bm} - {logP, -— + {Bn,Bm}} = 



ds \dtm dtn J dtm dtn 

Hence the tn flows of V are consistent. 

2.2. Dressing operator. As in |TT95j . we can establish the existence of a 
dressing operator exp(adc/?), where ad f{g) = {f,g}- 

Proposition 2.2. There exists a function ip = Yl'^=o > such that 

Vt„,^99 = -(/:")<o, Vs,^ip = logP - logC^, 

where Vt,AB = Yl^=o ^(n+i)\ W' another function satisfying the 

conditions above, then the function if) = Yl'^=o'^nk~^ defined by e'^'^ = 
gad(/5gadi/) j^^g constant coefficients, i.e., ipn's are independent oft. 

Proof. We sketch the proof here. For details, we refer to Proposition 1.2.1 
in |TT95j . Standard argument shows that we can find (/?o such that 

£ = e^^^^U. 

The first two equations in ()2.ip imply that 

{e-^'^^" {Vt„,^,^o + {n<o),k} = 0, 
|g-adc,o (v,,^„(^o - logT' + logC''),k} = 0. 

Hence A = e-^'^^ (Vt„,^„(^o + {Cn<o) and^o = e-^^° {Vs,^,^po_^ogV + logC^) 
are independent of x. Using Lemma A. 3 in the Appendix A of |TT95j and 
that Ai's are independent of x, we have |^ = and ^ = Hence 
we can find a function if' = Yl'^=o ^'n^~^ such that 

dt ~ ds ~ °' 
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Moreover, Lp' can be chosen so that it is independent of x. Now we define 99 
by e"^"^ = e^^difiogiidip' _ Since if' is independent of x, we have e'"^'^'k = k and 

Vt„,<p'(^' = Vs,^'(p' = So we have 

Moreover, using Lemma A. 2 in Appendix A of |TT95j . we have 

Vs,^V = ^s,^o^o + e^'^'P^Vs,^'^' = logV- logC^. 

□ 

2.3. Orlov function and Darboux coordinates. Using the dressing op- 
erator ip, we can construct the Orlov function Ai by 

n=l n=l 

where Vn are functions of t. M has the property that it forms a canonical 
pair with C, namely {C,M.} = 1. Using Proposition 12.21 and Lemma A.l in 
Appendix A of |TT95j . we also find 

dM dM 
(2.4) ^ = {B^^M}, ^ = {logP,A1}. 

Now we want to express B^s and logP by f„'s. From definition, we can 
write the functions Bn and log V as 



Otn 

m=l 

00 

logP=log£^- ^ao,m(t)/:-"^. 



m=l 



for some functions an^m{t) of t. They can be expressed in terms of partial 
derivatives of f„'s with respect to t: 



Proposition 2.3. 



dtn m dtn 

m=l 

iogP=iog/:^-y 1^/:— . 

^-^ m OS 

m=l 
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Proof. First we have 

(2 5) dC _dBndC dBndC 

dtry dk dx dx dk 



dBn dC dC ( dBn dC ^ dB„ 



dC dk dx 



dC dx dx 



dC^ 

C fixed / dk 



dBr, 



dx 



dC_ 

c fixed dk 



The formulas 



and 



dM 
dtn 



{Bn,M} 



satisfied by A4 give us 



dM dC dM 

dC dt„ dt„ 



_ dBn dC dM 
£ fixed dC dk dx 
dBn dBn 



dBn dC ^ dB, 



dC dx 



dC dx dx 
dM dC 



dM 

C fixed / dk 



C fixed dC dk ' 



In view of (|2.5() . we have 



dM 



dtr, 



dBn 



C fixed dC 



m=l 



Comparing coefficients give us the assertion. The proof for the formula for 
logV is the same, with log 7-" replacing Bn, s replacing □ 

The proof of this proposition also gives us a characterization of the func- 
tion M as follows. 

Proposition 2.4. If M = J2T=i ^-^""^ + x + ^ + J2n=i VnC''''^ is a 
function such that 



{C,M} = 1, 



dM 



{Bn,M}, 



dM 



{logV,M}, 



then there exists a dressing function ip as in Proposition \2.^ and satisfies 
M = e^''^{Y,nk^-^ + x+^'^ 



\n=l 



k 



In other words, M is an Orlov function of C. 

Proof. We let ip' be a dressing function given by Proposition 12.21 and define 

Ns'^ 

ntnk'" " + x + 

\n=l 



M' =6"^^' [Y,ntnk''~^ + X + 



Ns 



■■YnC--' + x+'-^ + Yv'nC 



n=l 



n=l 
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Then we have 

dM' dM' 



dtn 



ds 



From the proof in the previous proposition, we see that these conditions 
imply that 



(2.6) 
(2.7) 



dM' 



dtn 

dM' 



ds 



^ dBn 

£ fixed dC ' 

dlogV 

C fixed dC 



dM 



dtn 

dM 



ds 



_ dBn 

£ fixed dC 

dlogV 

C fixed dC 



From the exphcit expressions of M and TW', we have 

oo 

M' -M = ^c^/:-'"-^ 



m=l 



The equations in (|2.6|) imply that the c^'s are constants. We let 930 
E^=i then 



gad^O i^ntnk''~^+x + 



Ns 



Ns 



\n=l 



n=l 



m=l 



Hence if we define if by e^'^'^ = e^^'P' e^"^^ , then 

Ns^ 



Ns 



e"^^ ( 5] ntnk^-^ + ^ + X I I ^ + x+-^-Y,<^n.k 



\n=l 



Vn=l 

00 



m=l 



--M' - CmC-""-^ = M. 



771=1 

Since ipo has constant coefficients, ip satisfies all the requirements in Propo- 
sition O □ 

Now we introduce the fundamental two form 

dk Adx + Y dBn A dtn + dClog V - ^) Ads. 



ijJ 



n=l 



The exterior derivative d is taken with respect to the independent variables 
/c, X, s and t„, n = 1, 2, . . .. It satisfies 



dijj = 0, 



and L(j A = 0. 



In fact, {C, M) is a pair of functions that play the role of Darboux coordi- 
nates. Namely 

dC A dM = uj. 
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Proposition 2.5. The system of equations (|2.1|1 and (|2.4|) . together with 
{C,A4} = 1 are equivalent to 

(2.8) dC A dM = dk A dx + dBn A dtn + dilog V - ^) A ds. 



n=l 



Proof. We only show that H2.8|) imphes H2.1|) and H2.4|) . together with {C,M} 
1. The other direction follows by tracing the argument backward. By look- 
ing at the coefficients of dk A dx, dk A dtn, dx A dtn, dk A ds, dx A ds and 
dtn A ds respectively and using the property of (p given by Proposition 12.11 
we find that 1)2. 8|1 gives 

{C,M} = 1, 

dBn dC dM dM dC dBn 



dC dM 


dC dM 


dk dx 


dx dk 


dC dM 


dM dC 


dk dtn 


dk dtn 


dC dM 


dM dC 


dk ds 


dk ds 


dC dM 


dM dC 


ds dtn 


ds dtn 



dk ' dx dtn dx dtn dx ' 

dlogV dCdM dMdC d\ogV 



dk ' dx ds dx ds dx ' 

)>0 



dlogV d'^cj) dBn _ d\ogV d{C'' 
dtn dsdtn ds dtn ds 

The equations in the second line combine to give 

dx dx / V dtn I \ dx 



or since {C,M} = 1 




dC _dC \ / dBn 
dx dk / \ dx 



I.e. 



dC „^ dM . ,T 

Similarly, the equations in the third line combine to give 
^^={\ogV,C], ^ = {\ogV,M]. 

Using the previous result, the last equation gives 
dlogV ^d{C'^)>Q (dlogVdC dlogV dC\ f dBn dM dBndM 



dtn ds \ dk dx dx dk J \ dk dx dx dk 

dlogVdM d\ogVdM\ (dBndC dBndC 



dk dx dx dk J \ dk dx dx dk 

= {logV, Bn}. 

The coefficients of dtn A dtm gives the zero curvature condition. □ 
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2.4. S function and tau function. Proposition 12.51 implies that we can 
find a function S such that 

dS = MdC + kdx + \" Bndtn + ilogV - ^)ds. 

^ OS 

71=1 



In other words. 
dC ' dx 



-B ^ 

C fixed OS 



C fixed OS 



C fixed ' dt 

n 

The second equation is just a special case of the third when n = 1 since 
Bi = k. From the explicit representation of the function B^s and logV 
given by Proposition 12.31 we have the following explicit expression for 5. 

Proposition 2.6. 



n=l n=l 

We also have the following characterization of the partial derivatives of 
f„'s in terms of residues. 

Proposition 2.7. 

Ci'}) (iD 

= Res £"4^m, ^ = Res £"4 log V. 

Otm OS 

Here the differential dk is taken with respect to k and HesAdk means the 
coefficient of k~^ of A. 

Proof. We give a proof which follows the same line as Proposition 4 in 
|TT92j . We only show the second equality here. We have 



dM dM dC dM 



ds dC ds ds 
Using Res£"'(ifc£ = 6n,-i, we have 



£ fixed C ^ds 
n=l 



ds \ ds dC ds 



The expression in the bracket 
'dM dMdC 



ds dC ds 



dkC 



{logP,A1}--{l„gT.,£)— -jd/c 

dlogVdM d\ogVdM\dC fdlogVdC dlogV dC 

~k dx 

dk = dk log V 



dk dx dx dk J dk \ dk dx dx dk J dk 
dlogV 



dk 



10 LEE-PENG TEO 

This implies the assertion. □ 

As a consequence of this proposition, we can show the existence of a tau 
function for our dcmKP hierarchy. First we have the following properties of 
taking residues, 

Res AdkB = - Res BdkA, 

Res AdkB = Res A>odfe-B<o + Res A^od^B^Q 

When m,n>l, we have Res£™dfc/3" = nRes £"^~^"'~^dkC = 0. Hence 

ResiCn>odk{n<o = -Res(/:'")<o4(r")>o. 

It follows that 
(2.9) 

=Res/:™4^n = Res(/:™)<o4(/:n)>o = -Res(£™)>o4(/:")<o 
= Res(£")<o4(/:'")>o 



dtm 

On the other hand, since 

^ Res £"4 log V = = 1^ = Res C^dk log V, 



dtm dsdtm dsdtn dtn 

there exists a function <I>(t) such that 

(2.10) ^=Res£"41ogP = ^. 

$ is only determined up to a function of s. Finally from ()2.9|) and (|2.1U|) . 

we have 

Proposition 2.8. There exist a function r of t, called the tau function of 
our dcmKP hierarchy, such that log r is the generating function for Vn 's and 
i.e. 

dlogT _ dlogT _ ^ 

dtn " ' ds 

Since <I> is only determined up to a function of s, r is also only determined 
up to a function of s ^. 

Remark 2.9. In the special case when V = k, we have 

Res £"4 log A: = (/:")o. 

Hence the function $ coincides with the function cj) we introduce in Propo- 
sition 12.11 



'This degree of freedom can also be viewed as due to we do not specify the s flow of V. 
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In this case, the formulas in Proposition [231 can be rewritten in terms of 
the tau function as 

(2.11) B„.£»_f;l|i|l£-.»_^, 

^ m OtmOtn OSOtn 
m=l 

m=l 

Hence the coefficients of C,^A,Bn can be expressed as differential polyno- 
mials of derivatives of log r. We shall see below that this special case play a 
particular role of bridging the transition from dispersionless Toda (dToda) 
hierarchy to dispersionless KP (dKP) hierarchy. This is the motivation for 
our present work. 



3. Relations with dispersionless Toda hierarchy 

There are a few ways to formulate dispersionless Toda hierarchy, All of 
them are connected by a Miura type transformation. We first quickly review 
the set up following |TT95j . For details, we refer to |TT95j and references 
therein. 

dToda is a system of differential equations with two sets of independent 
variables {ti,t2, ■ ■ ■ ),(t_i,i_2, • • •) and an independent variable s. The fun- 
damental quantities are two formal power series 



n=0 

oo 



n=0 

Here t denotes collectively all the independent variables. The Lax represen- 
tation is 

dC dC 

— = {{C'^)>o,C}t, — = {(£ "')<o,/^}t, 

^ = {{n>o, ^}t, ^ = {(£-")<o, ^}t. 

Here {■,-}t is the Poisson bracket for dToda hierarchy 

dfdg dfdg 

{j,9}t = Pjr7r ~P7r7r- 

op OS OS Op 

In order to see the relation between the dToda hierarchy and our dcmKP 
hierarchy, we use the fact that (for details see [TT95j ) there exist a tau 
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function TdToda such that in terms of this tau function, 

1 a^logTdT 
m dtmdtn 



oo 1 o2 1 

(3.1) 5: iii^i^r 

^/-nN _ 9^ log TdToda 

1 1 r 1 92 log TdToda ^_ „i 
logp = log £ - > -— C . 

^-^ m OtmOS 

m=l 

Comparing with equations H2.11() . it is natural to see that the following 
proposition should hold. 

Proposition 3.1. // {C,C) is a solution to dToda and ^^q]" = 0, then 
{C, V = k) is also a solution to dcmKP hierarchy if we replace p by k, ti 
hy t\ + X and regarding t-n 's as parameters. In this case, the tau function 
for the dToda hierarchy TdToda is also the tau function for the corresponding 
dcmKP hierarchy. 

Proof. Replacing phy k and ti by ti + x, the case n = 1 of the first equation 
in the dToda hierarchy gives us 

dC_d£_ j A^ho _ ^ d{L)>Q dC 
dx dti dk ds ds dk 

-ui. 

identically 0. Hence 



Now {C)>o = k + ui. Since we assume that ui is independent of s, is 



or equivalently, 



— - k— 

dx ds ' 



— = {logA; £} = - — 
ds ' k dx^ 



which is the second equation in our dcmKP hierarchy H2.ll) with V = k. 
From this equation, we also have 

dC , 
k- 



dx ds 
Comparing powers oi k, we have 

d{C^)>o _ ^ d{C-)>o 
dx ds ' 

or equivalently, 
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which is the third equation in our dcmKP hierarchy (|'2.1j) . Finahy using the 
other equations in the dToda hierarchy, we have 

dC^ ^ j A^n>o dC _ j djC^ho dC ^ g(£")>o dC _ a(£")>o dc 
dtn dk ds ds dk dk dx dx dk 

dk dx dx dk ' ' 

which is the first equation in our dcmKP hierarchy (|2.H) . □ 

Remark 3.2. In the proof of this proposition, we also see that in the special 
case when V = k, the third equation in (|2.1() is a consequence of the second 
equation. 

4. MlURA MAP BETWEEN DMKP AND dKP HIERARCHIES 

We establish that if (£, V) is a solution of our dcmKP hierarchy, then via 
a Miura transform, it will give a solution of the dmKP hierarchy defined 
by Takebe |Tak02j . The fundamental quantity in Takebe's definition is the 
formal series 

oo 

£ = A; + ^u„+i(t)A;-", 

n=l 

and an auxiliary polynomial 

r = k^ + PN^i{t)k^-^ + ...+Po{t). 

Here t = {x, s,ti,t2, ■ ■ ■) are independent variables. The Lax representation 
is 

BC. ~ ~ dt ~ ~ 

(4.1) — ={CT>o,/:}, ^^={\ogV,C}, 

Let {C, V) be a solution of our dcmKP hierarchy (|2.H) and (p be the 
function defined by Proposition [23 The Miura transform of (£, V) is given 
by 

Since (p is independent of k, we find 

oo 
n=0 

and 



e-'i'Pk = k-^ = k-ui. 
ox 

Hence 

oo oo 

C = k- ui{t) + ^un+i{t){k - ni(t))~" = k + Yl Un+i{t)k' 

n=0 n=l 
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does not has term in . 

Proposition 4.1. Let {C,V) be a solution of the dcmKP hierarchy (|2.1() . 
then {C,P) defined by the Miura transform is a solution of the dmKP hier- 
archy defined by Takebe |Tak02j . 

Proof. We prove that {C, V) satisfies the dmKP hierarchy H4.1|l defined by 
Takebe. Using the formulas in Appendix A of |TT95j . we have 



Now if we write 



we have 



m=—oo 



Hence 
(4.2) 

(r")>o = ^-/-(^ - ^i)" = E ^-.-(^ - ^i)'" + (^")o = e'^'^^£")>o + T^. 

m=U m=l 

Hence we have estabhshed the first equation in (|4.1|) . Similarly, we have 

={e'^'i^logP,e^d*£} + {|^,Z}. 

Since ^ is independent of k and x, we have established the second equation 
in (EU)! Finally, 

ad (A ( diC'^)>0 



~ ' + {(/:")o,iogP} 



5s 

.5(£")>o 



{log^,(£")>o}. 



5s 

which is the third equation in (|4.H1 . □ 
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Notice that if we regard s as a parameter, then £ is a solution of the dKP 
hierarchy. 

Remark 4.2. To go in the opposite direction, we have 
(4.3) £ = e-^^'^^. 

Express in terms of C, we have from (|4.2|) . 



^ = (no = {n>o ^ = in>o 

Oin k=ui 



k= — 

dx 



This is precisely the condition that (j) must satisfy in order that 1)4. 3() trans- 
forms a dKP solution to a dmKP solution which is proved by Chang and 
Tu in ICTOni . 

Remark 4.3. Notice that if (p is the dressing operator for C, then the function 
(p defined by e'^'^'^ = ^^'t'^f^'P is the dressing operator for C. If we denote 
the Orlov function for Chy then by definition (see |Tak02j ) 



\n=\ n=l / 



n=l n=l 



Notice that the functions f„'s are the same in both hierarchies. In par- 
ticular, the tau function for a solution of our dcmKP hierarchy is also the 
tau function for the corresponding dmKP hierarchy obtained via a Miura 
transform. 



5. TWISTOR CONSTRUCTION 

As in jTT95j and |Tak02j . we show that a solution of dcmKP can be 
obtained from twistor construction (or Riemann Hilbert type construction) . 

A twistor data for a solution (£, "P) of dcmKP hierarchy is a pair of 
functions (/,(/) in variables i^^x) such that {/, 5} = 1 and 



/(£,>()<o = 0, 5(£,7W)<o = 0. 



16 LEE-PENG TEO 

Proposition 5.1. Let {f,g) be a pair of functions in {k,x) given such that 
{f,g} = l. Let 

oo 

n=0 

oo oo 

M = Y^ ^inC^~' + ^ + ^ + E ^nC-^-\ 
n=l n=l 

77 = A:^+p^„i(t)A;^-i + ...+po(t) 
he formal power series in k with coefficients depending on t. If 

(5.1) /(£,A^)<o = 0, g{C,M)<o = 0, 
({logP,/(AA^)})<o = 0, {{logV,g{C,M)})^^, = 0, 

Then (£, V) is a solution to our dcniKP hierarchy with A4 the corresponding 
Orlov function. 

Proof. For the case when C is independent of s, the first two conditions are 
those given by Chang and Tu jCTOOj in order that £, ^A satisfies {£, ^A} = 
1, the first equations in (|2.H) and the first equations in (|2.4j) of the dcmKP 
hierarchy. The other two conditions (which are modified by those given by 
Takebe in |Tak02p ^ are such that the other equations in 1)2. 1() and (|2.4() are 
satisfied. For completeness, we give the full proof here. 
We let 

(5.2) C = f{£,M) and M=g{C,M). 
Then the condition of the proposition says that 

C<o = 0, M<o = 0, {log V, £}<o = 0, {log V, M}<-i = 0, 

Taking derivative of the equations in (|5.2|) with respect to k and x, we have 
the following system: 



/a/ _dj^\ / dC dC\ / dC dc' 
\dC dM^ ^ dk dx J V"5F "aF, 
Taking determinant of both sides, since {/, (7} = 1, we have 



Notice that our / and g do not depend on s, though in general we can let them have 
one more degree of freedom in s. 
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Now the left hand side 



dCdM dCdM dCfdMdC dM 



+ 



dk dx dx dk dk \ dC dx dx 



dC dM dC 

c fixed / dx dC dk 



- dkV^ ^ dx ] 

\ m=l / 

=1 + (powers < of /c). 
While the right hand side 

dCdM dCdM . 

— "5 — = (powers > of k). 

ok dx dx dk 

Comparing powers of both sides, we have 

(5.4) {C,M} = {C,M} = 1. 

Next, taking derivative of (|5.2|) with respect to t„, we have 

Using H5.3I) and (|5.4|) . this is equivalent to 




dM 


dc\ 


( dZ 


dx 


dx 


dtj^ 


dM 


dC 


\ dM 


dk 


dk / 





Hence we have 

dMdL dCdM dM dZ dCdM 



dx dtn dx dtn dx dtn dx dtn 



(powers > of A;) 



_dM_dC_ ^ dCdM _ _ dM_dC_ ^ dCdM _ . ^^^^ > o of A:) 
dk dtn dk dtn dk dtn dk dtn ~ 

We can rewrite the left hand sides of these equations as 



'dMdC dM 

+ 




dC dC fdM dC dM 

+ 



C fixed / dtn dx \ dC dtn dtn 



C fixed 



dtn dx y dtn 



+ (powers < of A;) 
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(5.5) 
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dM dC dC dC f dM dC dM 



dC dk dtn dk \ dC dtn dtn 



C fixed 



'"dk 



n 



m=l 



dtr. 



>0 



dk 



+ (powers < of /c). 



Comparing powers with the right hand side, we have 



dM 



dC 



fM dA 



or 

i.e. 

(5.6) 



dk 



dtn , 



dk 



dC 



dtn 



dC dC 
dk dx 



, dx 
'9(-C")>o 
dk 



dx 
9{£")>o 



dk 



and 



dM 



Since the negative powers part of 1)5.5(1 vanishes, rewriting the last equahty 
in (|5.5() . we have 



9(£"; 



>o 



dk 



d_ 
'dk 



°° 1 r)7, 



m=l 



m dtn 



Integrating with respect to k, we get 



(5.7) 



(^")>o 



_ ^ 1 dVm ^-m 



m=l 



m 



dt„ 



(no. 



Taking derivative of l|5.2|) with respect to s, as the case of t„, we have 



dM 

dx 



dM dC 
dk dk 



dC 
ds 
dM 

ds 



dM 


dc\ 


/ dC 


dx 


dx 




dM 


dC 


\ dM 


dk 


dk / 


\ ds 



Now we have 
dM dC dC dM 



dx ds dx ds 



dM dC dM 
dC dx dx 

2 _|_ ^ ^_^£-m~l 



dC dCfdMdC dM 



c fixed I ds dx \ dC ds 



+ 



ds 



m=l 



dx 



dC dC I N dvm 



C fixed 
m— 1 I 



ds dx \ C 



m=l 



ds 



d 



1 dv. 



I - I log£ 



d 



m=l 



m dx 



dx 



m=l 



m ds 



From (|5.7|1 . the term in the first bracket is 

(£)>o = k + ui. 
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We denote the term in the second bracket as 

1 

m ds 



iogQ = iog£^-f;l^/:- 



m=l 

Hence 

dMdC _ dCdM _dui _ dlogQ 
dx ds dx ds ds dx 

On the other hand, 



oo 



dM dC dC dM dM dC dC dC dM dC N ^ dv^ ^ 

I = 1 I 1- \ —£ 

dk ds dk ds dC dk ds dk \ dC ds L ^ ds 

\ m=l 



OlogQ 
dk ' 



Hence we have 
(5.8) 



dM 


dc\ 


/ dC 


dx 


dx 




dM 


dC 


I dM 


dk 


dk / 


\ ds 



dM _dC\ / dC\ fdu-L dlogQ 

dx 92: 1 I 9s 1 — I ds dx 

dM dC I 1 dM ) — 1 aiogg 

dk dk / \ ds / \ dk 



On the other hand, since {C,A4} = 1, we have the identity 





' dM 


dc\ 


( 


dx 


djc 




dM 


dC 




K dk 


dk / 


dM 


dc\ 


( dC 


dx 


d^x 




dM 


dC 


I dM 


dk 


dk / 


\ ds 





/ dlogV\ 




' dx ] 




1 dlogV ) 




\ dk / 



Hence 

{logV,M}J V ilogf 
But by the conditions given on C and Ai, we have 

(l„gp,£,) + i - {<o,V.M}] = ( powers > -1 of*) 



dk yds ^ } dk \ ds 

But by the normahzation on Q and P, we have 

~ds' ~ 'dx V ^ ^ powers < of fe) , 
d Q 

^ log :^ = ( powers < -2 of k) . 
Comparing powers, all the terms vanish, i.e. 
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Since log ^ contains powers < —1 of A:, it has to vanish identically. In other 
words, we have V = Q and 

(5.9) iogP = log£^-f;l^£-™. 

^-^ m OS 



m=l 



From H5.8|) . we have 

















\ dk y 



dM _dC 

dx dx 

dM dC 

dk dk 

or 

(5.10) ^ = {iogV,C}, ^ = {\ogV,M}. 

Finally, from (|5^ (|5^ and (|5l(1|) . we get 

aiogp a(/:")>o 



+ {iogp, (/:«)>o} 



dtn ds 

Otn \ ^-^ m OS / OS \ ^-^ m Otn I 

\ m=l / \ m=l / 

^ d\ogvd{c^%o _ diogvd{c^ho 

dk dx dx dk 

d \ogV dC d{C)yodL ^d\ogV dCd{C^)>Q dlogV d{C'^)>o dC 



dC dtn dC ds dC dk dx dx dC dk 

dlogV fdC ^ a(/:")>o5/:\ 5(£")>o (dC ^ dlogVdC 



dC \dtn dx dk J dC \ds dx dk 
_ aiogpg(£")>o dC _ d{C^)>Qd\ogV dC _ ^ 

dC dk dx dC dk dx 
The fact that M is the corresponding Orlov function follows from the char- 
acterization of Orlov functions in Proposition 12.41 

□ 

Conversely, we have 

Proposition 5.2. If {C,V,M) is a solution of dcniKP hierarchy, then there 
exists a pair of functions {f,g) such that {f,g} = 1 and satisfies 1)5. 1|) in 
Proposition I5.il 

Proof We let 

f{k,x) = e-^d^(^=0'*"=0)A;, g{k,x) = g" ^d^(s=0,t„=0)^^ 

Then obviously {f,g} = 1. The proof that f,g satisfies the first two con- 
ditions in 1)5. 1|) is standard (see Proposition 1.5.2 in |TT95j ^. Since C,A4 
satisfis (|5.1U() . the other two conditions follows from the identities 

M|M = {,ogP./(£.A<)}, M^,^,„,v„^c.M)} 

and the first two conditions. □ 
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6. Wi+oo SYMMETRY 

We consider the tf^i+oo action on the space of solutions of the dcmKP 
hierarchy. Exphcitly speaking, we define an infinitesimal deformation of 
(/, g) by a Hamiltonian vector field, 

(/, g) — > if, g) ° exp(-e ad F), 

and the associated deformation 

[C,V,M) ^ {C{e),V{e),M{e)) 

of the solution of dcmKP hierarchy. Here ad F is regarded as a Hamiltonian 
vector field 

adF-— — — — 
dk dx dx dk'' 

and £ is an infinitesimal parameter. The infinitesimal symmetry is the first 
order coefficient 6f{-) in the e-expansion: 

C{£) = C + eSfC + 0(e2), M{£)=M + edpM + 0{£^). 

By definition, if G is a function of C and then 

dC dC 

while the independent variables are invariant : dpt = 0. 

The infinitesimal symmetries of the dcmKP hierarchy is given by the 
following propositions. 

Proposition 6.1. The infinitesimal symmetry of C, M and V are given by 
5fC ={F{C, M)<o,C], 5fM = {F{C, M)<oM}: 

6f log V =^^^^M£^ + {FiC >[)<o, log V}. 

Proof. By definition, the twistor data (/, g) is deformed as 

{fs{k,x),g,{k,x)) = [e~''^^f{k,x),e-'-^^g{k,x)) 

f + e(—— g + £( — —-——\\+Oie^) 

\dk dx dx dk J ^ \dk dx dx dk J J 

Hence, from 

Cie) = fe {C{e)M{e)) , M{e) = g^ iC{e),M{e)) , 
we read off the coefficients of e: 



Now as in the proof of Proposition 15.11 we have 

dM dC\ / X r , dF 



dM 


-dC 


dx 


dx 


dM 


dC 


dk 


dk 



SfM 1,-ti HJWm-'^) 
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Comparing powers of fc, we have 



dAA ( dF \ dC, ( dF^ 

^fC, + ^-r- - ^F-^ -1^] = (powers > of fc) , 



dx \ dM. J dx \ dC 

dM f ^ ^ dF\ dF\ . 

5fC + — — - + TTT ^fM - = (powers > of fc) . 



dk \ dM) dk\ dC 

As in the proof of Proposition 15. 11 these give 

— — (5^/: - -^6fM = -—F{£,M)<o, 
ox ox ox ~ 

Hence 

6fC ={F{C, M)<o, C}, 6fM = {F{C,M)<o,M}. 
Now from 

dCje 
ds 

we have 

d 



{logV{e),C{e)}, 



6fC = {6f log V, £} + {log r, 6fC}. 

Using the results above, we have 

d dC 
{5f log £} = {q-/^^^ M)<o.C} + {F{C, M)<o, —} - {log V, {F{C, M) 

={^^FiC,M)<o,C} + {FiC,M)<o,{\ogV,C}} + {logV,{C,FiC,M)<o}} 

={^^F{C,M)<o,C} + {{FiC,M)<o,logV},C}. 
In other words, 

{S^logV - ^F{C,M)<o - {F{C,M)<^,\ogV},C} = 0. 
Similarly, if we use 

^^ = {logP(e),X(£)}, 

we have 

{5f log V - ^F(/:, M)<o - {F{C, M)<o,\og V},M} = 0- 
The next lemma implies that 

5F\ogV - ^^F{C,M)<o - {F{C,M)<o,logV} 
is independent of k and x. Comparing powers of k, we get 

6f log V = ^F{C, 7W)<o + {FiC, M)<o,log V}. 

□ 
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Lemma 6.2. If A is such that {A,C} = and {A,^A} = , then A is 
independent of k and x. 

Proof. {A,C} = and A1} = are equivalent to 



dx dk / V dx 



Since = 1, this implies that 



ok ox 
In other words, A is independent of k and x. □ 

Proposition 6.3. The infinitesimal symmetries of the Vn 's are given by 

SpVn = -ResF{C,M)dkBn- 

Proof. The proof follows the same line as Proposition 14 in |TT95j . see the 
proof of Proposition 12.71 We have 



SfM 

This gives 



n-1 

£ fixed 



n=l 



6FVn =Res/:" (^6fM - ^^fC^ duC = Res a'dkF{C,M)<o 

= ResiC'')yodkF{C,M) = - Res F{C,M)dkBn. 
The second equality follows the same as the proof in Proposition 12.71 □ 

Proposition 6.4. (1) The infinitesimal symmetry of the dressing function 
ip is determined (up to a function of s) by the relation 

Vsp^^ip = F{C,M)<o, 

or equivalently, by 



ad 09 ^ / ^ . , X T 



T=ad(/p 



where ^adr,]^ is understood as a power series of T . 

(2) The infinitesimal symmetry of the function (p defined in Provosition \2.1\ 
is given (up to a function of s) by 

dF(j) = -F{C,M)o 

Proof. First we proof (2). Let (j){£) be the function given by Proposition 12. 11 
corresponding to >C(e). Since the function (/>(e) is defined up to functions of 
s, it is sufficient to show that 

.^F(AM)„ = -(^FiAM) 



dtn dtn ' \dtn 
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Now 

dtn dtn 

{F{CM)<^,{n>^})^ = [{F{CM),{n>^] 

This prove (2). 

Now let be the dressing function of C{e). Comparing the coefficient 
of £ in 

C{e) = e'^^'^'h, M{e) = e'^'^^^^^ (^ntnk'^-^+x + , 
we have 

5fC = {V5^,^(/p, £}, 5fM = {Vs^^^^, M}. 
Compare with Proposition 16.11 we have 

{Vs^,^^ - F{C, M)<o,C} = 0, {Vsp,^V> - F{C, M)<oM} = 0- 
By Lemma 16.21 this impUes that 
(6.1) V5^,^^-F{CM)<o 

is a constant independent of x. To determine this constant, we have to find 
the coefficient of in Vsp^iptp- Writing if = Yl'^=o ^nk'"" . Comparing the 
k^ term in the identity 



<0, 



we have = —{C"')o. From Proposition 12.11 this imphes that up to a 
function of s, ipo = —(f). Hence the k^ term in 1)6. ip is 



5f^q - {F{C, M))o = -5f<P - {F{C, M)) 



0- 

By the second part of the proposition we prove above, this vanishes (up to 
a function of s). Hence we have the first part of our proposition. □ 

Proposition 6.5. The infinitesimal symmetry of the function <I> defined by 
1)2. 1U|) is given by 

6f^ = - ResF{C,M)dlogV. 

Proof. Again, since the function <I>(t) is defined up to a function of s, it is 
sufficient to show that 
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From (|2.1()j) and Proposition Ki.HL 
d5F<^ . <9$ . dvn dSpVn d 

^ = ''m: = ''^ = ^ = -^ResF(£,A^)4(/: )>o 
= - Res{log V, F{C, M)}dkB„ + Res ^^^p^dkF{C, M) 

OS 

- _ Res ( c>^ogT'dF{£,M) _ dlogV dF{C,M) \ dBn^^ 
\ dk dx dx dk J dk 

= - Res{^„, F{C, M)}dk log V + Res ^^^dkF{C, M) 
= - ^ResF{C,M)dk logV. 

□ 

Remark 6.6. Observe that in the special case V = k, <j) = ^. In fact in this 
case 

-Res F{C,M)dk logV = -ResF{C,M)dlogk = -F{C,M)o. 

Remark 6.7. Compare the infinitesimal symmetries of C,V,Vn,^,<p given 
in the Propositions above with the tn flows of this quantities, it suggests 
that the Hamiltonian vector field generate by the function F{k,x) = — /c" 
is equivalent to The discrepancy between the tn flow of with the 
infinitesimal symmetry of M when F(k,x) = — /c" is because A4 depends 
explicitly on t„, but we enforce 6Ftn = 0. 

It is worth notice that if £ is a solution to our dcmKP hierarchy with 
V = k and (/, 5) an associated twistor data, then for any function F(k,x), 
since 



we have 



ds k dx 

d{F{C,M))<Q ld{F{C,M))<o 



ds k dx 

Hence from Proposition 16.11 we have 

SplogV = 0. 

In other words, the class of special solutions V = k'ls stable under the wi+c 
action. 



6.1. Symmetries extended to tau functions. The above symmetries 
can be extended to tau functions as follows. 
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Proposition 6.8. The infinitesimal symmetries of the tau function is given 
(up to a function of s) by 

dplogT = - Res F''{C,M)dkC, 

where F^(k,x) is a primitive function of F{k,x) normalized as 



X 



F{k,y)dy. 







It is compatible with the flows: 



d aiogr 

where t = s or tn 's. 
Proof. Let 

F''{C,M) = F'^{t)C"', 

SO that Res -F^(/^, = F^\(t). Then we have to show that 

.... dF^^{t) _ aiogr 

for t = s or t„'s. Since the term Fm{tys come purely from A4, we have 



^ dFrnjt) OF- dM ^pfrM)^ 

f)f f)KA F)f £fixcd ^ ' ^ dt 



C fixed 



Hence as we have seen in the proof of Proposition 12.71 



' - ResF(£, - dkC = Res F{£,M)dkA. 



dt dt £fixed 

where A = Bn H t = tn and A = log V ii t = s. Since ^^gf^ = u „ if t = t„ 
and ^^p- = if t = s, it follows from Propositions 16. ,31 and 16.51 that (|6.2|) 
holds. □ 

The wiJf-00 algebra structure is reflected as follows. 

Proposition 6.9. For the functions Fi{k,x) and F2{k,x), the infinitesimal 
symmetries obey the commutation relations: 

, log T = 6{F^^F2} log T + c{Fi,F2), 

[6fi,Sf2]IC = d^Fi,F2})^^ ICe{£,M,V}, 

[6fi,Sf2]v = S{Fi,F2}^^ 
[5f„6f2]^ = S{F,,F2}^, 
[6Fi,SF2](t> = ^{Fi,F2}(f>^ 

where 

c{FuF2)=ResFi{k,0)dkF2ik,0), 
a cocycle of the wi+oo algebra. 
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Proof. The proof of the first identity fohows exactly the same as Proposition 
16 in |TT95j . The second and fourth identities follows from the first one 
and the consistency of the infinitesimal symmetries of r with time flows. 
To prove the last identity, we have 





{iFiiC,M))<o,F2{C,M)}^^ 

diFi{C,M))<o dF2{C,M) _ d{F^{£,M))<o dF2{C,M) \ 

dk dx dx dk J Q 

diFi{ C,M))<o d[F2{C,M))>o _ d{F,{C,M))<o d{F2{C,M))>o 

dk dx dx dk / Q 



Hence 



'd{Fi{C,M))<o d{F2{C,M)ho d{FiiC,M))<o d{F2{CM))>o 



dk dx dx dk , Q 



+ 



d{F2{C, ■M))<o d{Fi (£, >f))>o d{F2{C, M))<o d{Fi{C, ■M))>o 

dk dx dx dk 

dFiiCM) dF2{C,M) dFi{C,M) dF2{C,My 







dk dx dx dk J Q 

{FuF2}{C,M))^ = 5^F,,F,}<t^- 

For the third identity, observe that from the proof of Proposition IH.4| we 
have (/9o = — From 



ad u> 

e ^x = x 



n=l 

oo 

^(?^n + (polynomials in {m, . . . ,u„_i,fi, . . . , 



x+ - " - »• " --"-^ 

n=l 

we can prove by induction that 

Vn + (polynomials in {ui, . . . ,Un-i,vi, . . . ,Vn-i}) 
= —Tupn + (differential polynomials of {(po, . . . , (pn-i}), 

where the differential is taken with respect to x. Hence, solving recursively, 
we have for n > 1, 

ifn = — - + (differential polynomials of {lii, . . . , f i, . . . , I'n-i})- 
n 

Hence the third identity follows from the second and fifth identities and the 
consistency between the infinitesimal symmetries and the i-flows. □ 
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7. Concluding remarks 

We have defined a dcmKP hierarchy which incorporate both the ones de- 
fined by Kupershmidt, Chang and Tu |Kup90t IHTn Oj and Takebe TakOl- 
Our motivation is to define a tau function for dmKP hierarchy in Kupersh- 
midt, Chang and Tu's version, so that it plays the role of transition between 
the dToda hierarchy and dKP hierarchy. From our point of view, a good 
tau function should generate all the coefficients n„'s in the formal power 
series L. Hence, we find that it is necessary to introduce an extra flow s. 
In our dcmKP hierarchy, the special case V = k has a tau function with 
the desired property, namely it generates the coefficients n„'s. For general 
V, it does not have this property. However, our approach can be directly 
generalized to several extra flows si, S2i • • • > sm with M auxiliary polynomi- 
als 1^1,7^2, ■■ ■ ,'Pa/ to govern the flows. If one of the Pi is equal to k, then 
we will find a good tau function. As a matter of fact, V need not be a 
polynomial. What we require is that the coefficient of the leading term is 
one. 

Our dcmKP hierarchy can also be considered as a quasiclassical limit of a 
corresponding coupled modified KP (cmKP) hierarchy. It will be interesting 
to establish the existence of a tau function in the cmKP hierarchy, so that 
its quasiclassical limit is our dispersionless tau function. 
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